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Development of Confined Stokes-Flow Wakes

Alien Plot kin*
Naval Surface Weapons Center, White Oak, Maryland

A general solution is presented for the development of the Stokes-flow wake behind a cascade-like stack of
blunt-based bodies in steady two-dimensional laminar incompressible flow. The solution is obtained as a Fourier
series expansion in the transverse coordinate whose coefficients are given in closed form as functions of the
velocity field in the plane of the base. Details are presented for the wake behind an infinite stack of finite
thickness flat plates and it is seen that the existence of a recirculation region behind the base is intimately con-
nected to the base plane transverse velocity component.

Introduction

T HERE has been much recent interest in the study of
steady two-dimensional laminar incompressible separated

flows with closed streamlines. For the most part, fundamental
studies consider relatively simple geometries such as those oc-
curring in wake and channel flows and are concerned with the
solution of equations that approximate the Navier-Stokes
equations for various Reynolds number limits.

Channel flow solutions with boundary-layer-like approx-
imations for large Reynolds numbers appear in Kumar and
Yajnik,1 Plotkin,2 and Acrivos and Schrader.3 Scarpi4 con-
siders a Stokes-flow approximation for small Reynolds
numbers. Plotkin5 studied the wake flow behind a stack of
blunt-based bodies for large Reynolds numbers using the
slender-channel equations and a Fourier series expansion
technique. The base- and near-wake flow problem for very
low Reynolds numbers was studied extensively in the 1960s
and much of this research is discussed in Ref. 6.

Viviand and Berger7 derive a general solution for the
development of the Stokes-flow wake behind a blunt-based
body in an unbounded fluid. The solution is obtained in terms
of Poisson integrals whose integrands contain the velocity
components in the plane of the base. It is shown that a recir-
culation region can exist behind the base for positive values of
the transverse velocity component in the base plane.

The main goal of the present research is to derive a general
solution for the development of the Stokes-flow wake behind
a cascade-like stack of blunt-based bodies in steady two-
dimensional laminar incompressible flow. This is equivalent to
the problem studied by Viviand and Berger7 with the addition
of periodic boundary conditions in the transverse direction.
An additional goal of the research is to study further the con-
vergence properties of the Fourier series expansion (spectral,
Galerkin) method that was used by Plotkin2'5 to solve the
nonlinear, large Reynolds number, slender-channel equations.
Finally, the solution obtained from this research will provide
an accurate test case for numerical solution techniques
developed to calculate separated flows.

x axis is taken perpendicular to the base plane with its origin at
the base center. It is an axis of flow symmetry, x and y are
nondimensionalized by half of the separation between the
plate centerlines and the velocities are nondimensionalized by
the speed of the downstream uniform stream, h is the ratio of
plate thickness to plate separation and appears in the problem
in the specification of the velocity field at the base plane.

The stream function ^ is introduced such that

u — ^fy, v=—y¥x (1)

where u and v are the velocity components in the x and y direc-
tions, respectively. The Navier-Stokes equation is

(2)

where the Reynolds number R is based on the characteristic
length and speed used above. The Stokes-flow (zero Reynolds
number) limit of Eq. (1) is

(3)

The transverse boundaries are symmetry boundaries with
the following boundary conditions:

)= ±7 (4a)

(4b)

The elliptic Stokes-flow problem requires that boundary con-
ditions be specified at upstream infinity. In this paper, the
wake development downstream of the base plane is sought
given an arbitrary but reasonable choice of base plane initial
profiles. These might, for example, be curve fits to experimen-
tally determined initial profiles. The velocity field is given at
the base plane

(5a)

Problem Formulation and Method of Solution
Consider the steady two-dimensional laminar incompressi-

ble flow past a symmetric cascade of blunt-based bodies as il-
lustrated by the finite thickness flat plates shown in Fig. 1. The
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and the uniform stream is recovered far downstream

(6)
The Fourier series expansion method used by Plotkin5 for

the large Reynolds number version of the problem is intro-
duced to identically satisfy Eqs. (4),

an(x)smmry (7)
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where the series is truncated after N times. This is a spectral8

or Galerkin method. Equation (7) is substituted into Eq. (3),
the result is multiplied by sinmiry and integrated across the
flow, and the resulting linear set of ordinary differential equa-
tions is obtained,

(8)

(9)

where A m, Bm, Cmt andDm are constants. Note7 that the solu-
tion is of the form

(10)

where Vl and V2 each satisfy Laplace's equation.
The infinity condition [Eq. (6)] yields Cm=Dm=0. The

base plane boundary conditions [Eqs. (5)] lead to the follow-
ing conditions on the Fourier coefficients:

The general solution of Eq. (8) is

am (x) = (Am + x£w)exp( - mirx) + (C

irm
f 7

u(y)cosmirydy (lla)
jo

(lib)

and with the use of Eq. (9) the unknown constants become

Am=ami (12a)

+ a'mi (12b)

The Fourier (spectral) coefficients am (x) are therefore ob-
tained in closed form.

The pressure distribution can be found following the ap-
proach in Viviand and Berger.7 Introduce the Stokes-flow
pressure p and vorticity 0 where

= Rp (13a)

(13b)

and p is nondimensionalized by density times speed squared.
The x and y momentum equations can be written

and, with the use of Eqs. (10) and (13b),

V=-2V2x

Eqs. (14) and (15) can then be solved to yield

(14)

(15)

(16)

where Pa, is the pressure in the stream.

Results and Discussion
Equations (7) and (9-12) yield the solution for the stream

function in terms of an arbitrary velocity field at the base
plane. This allows for a calculation of the wake development
downstream of the base. In general, for a specific geometry,
the velocity at ;c=0 is not known in advance.

In what follows, the calculations will be presented for an
assumed "reasonable" pair of velocity components compati-
ble with the finite thickness plate cascade of Fig. 1. The

analysis will be guided by the results of Viviand and Berger7

for the wake downstream of an isolated base.
The flow upstream of the base is assumed to be fully

developed and the streamwise component of velocity is taken
to be the Poiseuille parabolic profile

3 y-h \ _
J h*y*

= 0 0<y<h (17)

with ui(-y) = ui(y). This is identical to the profile used in
Plotkin.5 FromEq. (lla),

ami = 6[sinmirh + rmr(l-h)cosrmrh]/ir4m4(h -1)3 (18)

In general, vf(y) ^0 due to the upstream influence of the base.
Viviand and Berger7 suggest a choice of vf such that
Vi(h) = Vj(l) = 0, Vj( -y) = - vf(y)9 and either v( < 0 or vt > 0 for

2h P"
- u =

-y = -i

Fig. 1 Flow configuration and coordinate system.
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Fig. 2 Wake centerline velocity for h = 0.5.
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h<y< 1. The following parabolic profile is chosen:

= 0

and from Eq. (lib),

-8V

0<y<h (19)

3-K3(l-h)2 [2cosmirh — 2cosmir + rrnr (h — l)sinmirh ]

(20)

The calculated solutions are qualitatively identical to those
of Viviand and Berger.7 For Fw<0, no recirculation region
appears behind the base. For Vm >0, a recirculation region ap-
pears behind the base and its length is found to be propor-
tional to Vm. The magnitude of the reverse flow velocity is ex-
tremely small. In the results that follow, the values of Vm are
chosen to be 0 and ±0.2.

The wake center line velocity is obtained from Eqs. (1) and
(7) as

W =7 + mran(x) (21)

The length of the recirculation region xr is determined from

uc(xr) = (22)

The wake center line velocity is shown in Fig. 2 for the three
values of Vm and h = 0.5. Note the region of reverse flow for
Vm - 0.2 and also note that the maximum value of the reverse
flow component is of the order of 10~4 times the stream
velocity. The streamline pattern for Fw = 0 and /z = 0.5 is
shown in Fig. 3. There is no recirculation region and the
streamlines are seen to conform to the base. The streamline
pattern for Fm=0.2 and h = 0.5 is shown in Fig. 4 and the
recirculation bubble can be clearly seen. Note the small values
of the stream function on the closed streamlines and note also
that the length of the bubble is less than 10% of half of the
base height.

The wake center line velocity for Fm = 0.2 is shown as a
function of h in Fig. 5. The case h - 0 represents a stack of flat
plates and does not possess a recirculation bubble. The length
of the recirculation region for Vm = 0.2 is shown as a function
of h in Fig. 6. In a related problem, Acrivos and Schrader3

suggest that a finite limit exists for xr/h as /z^O. To see if that
is the case here, xr/h has been plotted vs h'1 (note the log
scale) and it does appear that a finite limit exists.

.6 -
10-1

.2 -

"o .1 .2 .3

Fig. 3 Streamline pattern for Vm = 0 and h = 0.5.

To obtain the numerical values plotted in Figs. 2-6, the
Fourier series expansion in Eq. (6) or its derivatives was
summed to convergence. Convergence to at least eight signifi-
cant figures could be obtained for any value of jc>0. It was
found that in general hundreds of terms were needed for con-
vergence to three significant figures for points inside the recir-
culation region, but that the number of terms dropped
significantly once x>xr. These results suggest that the spectral
method does not appear to be an efficient technique to
numerically integrate the Navier-Stokes equations for these
geometries for finite but very low Reynolds numbers.

Viviand and Berger7 chose the streamwise velocity compo-
nent at the base plane ut such that

uiy(h) = 0

This was necessary to prevent the occurrence of a divergent in-
tegral in the calculation of the base pressure. Note that ut
from Eq. (17) does not satisfy the above corner separation
condition. The discontinuity in ut keeps the Fourier series

.2 -

Fig. 4 Streamline pattern for Vm = 0.2 and h = 0.5.
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Fig. 5 Wake centerline velocity for Vm = 0.2 as a function of ratio of
plate thickness to plate separation h.
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Fig. 6 Length of recirculation region xr for Vm = 0.2 as a function of
h.

from convergence at ^ = 0 so that the base pressure cannot be
calculated from Eq. (16) at x= 0 for any choice of ut for h ̂ 0.
However, pressure calculations with Eq. (16) for Jt>0
demonstrate that the pressure is continuous at x = 0 so that the
base pressure can be obtained.

In the large Reynolds number calculations of Plotkin,5 it
was shown that ui from Eq. (17) is an appropriate choice and
that the use of a "separating" profile leads to order of
magnitude changes in the resulting flowfield. Consider now
the "separating" profile

~ h 2 -h*

= 0 0<y<h (23)

with

ami = 24 [2cosm7r — 2cosmirh

+ mir(l-h)smm>jrh]/m5ir5(l-h)4 (24)

A calculation was made with the vt of Eq. (19) with Vm=0.2
and /z = 0.5. The resulting flowfield was found to be both
qualitatively and quantitatively similar to the previous results.
The reverse flow velocity is still of the order of 10 "4 times the
stream velocity and xr changes from approximately 0.041 to
only 0.050.

If one were to solve the problem numerically, or if one were
to use the spectral method approach to solve the Navier-
Stokes equations for small but finite Reynolds numbers,
downstream boundary conditions would need to be satisfied at
some outflow boundary x = x0. Two questions immediately
arise:

1) How does one choose the location of x0l
2) What boundary conditions should be satisfied at x0l
Some insight into the answers to these questions can be

gained by a study of the present exact Stokes-flow solution
with outflow boundary conditions added.

A discussion of common outflow boundary conditions is
given in Roache.9 Many are of the continuation type- stream-
wise derivatives of the dependent variables are set equal to
zero. Consider first the choice

which is equivalent physically to setting v = vx = 0 at x0. Equa-
tions (11) and (25) are applied to the general solution for am in
Eq. (9) to yield a set of linear algebraic equations whose solu-
tion yields the constants Am> Bm, Cm, and Dm as functions of
x0. Figure 7 shows the wake centerline velocity in the recircula-
tion region (/z = 0.5, Vm = 0.2) as a function of x0. The exact

u r x 104
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Fig. 7 Wake centerline velocity for Vm = 0.2 and h = 0.5 as a func-
tion of location of outflow boundary x(>.

solution would lie on top of the x0 = 2.5 curve, but three
significant figure accuracy for a calculation with Ax = 0.01 is
first achieved for all points for x0 = 3.5. The calculations were
repeated with /z = 0.2 and three significant figure accuracy
again was first achieved with x0 = 3.5. Therefore, it appears
that for this problem the choice of x0 is dependent on the plate
separation and not the plate thickness.

The above exercise was repeated for the stronger outflow
boundary conditions

CL (x ) = ci' (x ) = 0 (26)

which correspond physically to setting u = v = Q at x0. In
general, it is not recommended to apply the "exact" infinity
conditions at a finite downstream boundary. It was observed
that with the use of Eq. (26), a recirculation region did not ap-
pear in the calculations until x0 > 2, which was not the case for
Eq. (25) as is shown in Fig. 7. However, three significant
figure accuracy for Eq. (26) was also first achieved for

Conclusions
A general solution has been derived for the development of

the Stokes-flow wake behind a cascade-like stack of blunt-
based bodies in steady two-dimensional laminar incompressi-
ble flow. The effect of the choice of inflow and outflow
boundary conditions on the solution has been studied and it is
seen that a recirculation region behind the base is present only
for positive values of the base plane transverse velocity com-
ponent. The convergence properties of the Fourier series ex-
pansion (spectral) method have been studied and it appears
that the technique would not be efficient for the numerical in-
tegration of the full Navier-Stokes equations for this geometry
for finite but small values of the Reynolds number. Finally,
the solution provides one of only a few appropriate examples
to test the accuracy of numerical solution techniques
developed to calculate laminar flows with separation.
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